Abstract With the assistance of the symbolic computation system Maple, rich higher order polynomial-type conservation laws and a sixth order t/x-dependent conservation law are constructed for a generalized seventh order nonlinear evolution equation by using a direct algebraic method. From the compatibility conditions that guaranteeing the existence of conserved densities, an integrable unnamed seventh order KdV-type equation is found. By introducing some nonlinear transformations, the one-, two-, and three-solition solutions as well as the solitary wave solutions are obtained.
Introduction
As is well known, conservation laws (CLaws) play an important role in mathematical physics. The first a few CLaws have a physical meaning, such as conservation of momentum and energy. Additional ones facilitate the study of both quantitative and qualitative properties of solutions. [1] The use of CLaws in PDE solvers is well-documented in the literatures. [2−4] Furthermore, the existence of a sequence of conserved densities predicts integrability. Researchers have done much work on how to automatically construct the CLaws for differential equations. [5, 6] Maybe some lower order CLaws can be obtained directly by hand, but the higher ones, which need much more tedious work, do not seem straightforward to find. The purpose of the paper is to study the properties of CLaws and the multi-soliton solutions for a generalized 7th-order KdV equation. To search the CLaws for the generalized 7th-order KdV equation, we start from the dilation property of the generalized 7th-order KdV equation and use the idea that the Euler operator acting on an expression gives identically zero, i.e. the Euler-Lagrange equation must vanish identically, if and only if the expression is a divergence. [7] Then, with the assistance of the symbolic computation system Maple, we obtain rich higher order polynomial type CLaws that depend only on u and its derivatives. Moreover, by introducing a proposition and a corollary, a 6th-order t/x-dependent CLaw is constructed by way of the polynomial type CLaws. Importantly, apart from covering the well-known 7th-order Lax and SK-Ito equations in constructing the CLaws for the generalized 7th-order KdV equation, an unnamed 7th-order KdV (UNSO-KdV) type equation is found, which, to our knowledge, has not been studied with regards to the CLaws and multi-soliton solutions. Here, we not only obtain abundant CLaws by an algebraic method but also obtain the new one-, two-, and three-solition solutions for the Lax, SK-Ito and the UNSO-KdV type equations by introducing some useful nonlinear transformations.
Polynomial Type and t/x-Dependent Conservation Laws
This section is devoted to compute not only the polynomial type CLaws but also the t/x-dependent CLaw of the generalized 7th-order KdV equation. The equation
with six constant parameters a, b, c, d, e, and f , and u kx = ∂ k /∂x k includes three cases that are of particular interest as follows:
(i) (a, b, c, d, e, f ) = (5/98, 5/14, 10/7, 5/14, 5, 3) (Lax equation); [8] (ii) (a, b, c, d, e, f ) = (4/147, 1/7, 6/7, 7/2, 3, 2) (SKIto equation); [8] (iii) (a, b, c, d, e, f ) = (4/147, 5/14, 9/7, 2/7, 6, 7/2) (unamed seventh order KdV equation).
Polynomial Type Conservation Laws
A conservation law for Eq. (1) is a divergence expression
which vanishes for all solutions of Eq. (1), where ρ and J are conserved density and flux respectively, and as usual, D t and D x are total derivatives. To start with, we only concern ourselves with the polynomial type CLaws, i.e. ρ and J are polynomials in u and its derivatives and do not depend explicitly on t and x. As a matter of fact, most of the nonlinear evolution equations possess such polynomial type CLaws. Then, equation (2) becomes Before proceeding the computations of the CLaws, the following definitions are introduced. Equation (1) is invariant under the scaling symmetry
where λ is an arbitrary parameter, which means that equation (1) is homogeneous in λ, [9] i.e., equation (1) is 2-homogeneous of weight 7. Here, let ω stand for the weight of a variable, then in view of Eq. (4), we have ω(u) = 2, ω(∂/∂t) = 7, and without loss of generality, we can set ω(∂/∂x) = 1. The total weight of each factor of a monomial, M , is named the rank of that monomial, denoted by Rank(M ). It is easy to see that all monomials in Eq. (1) have the same rank 9. This property is called uniformity in rank.
Once the weights of the dependent variable u and the differentials in Eq. (1) in hand, one can carry through the following steps to construct the polynomial type CLaws for Eq. (1).
(i) Determine the form of the conserved density ρ, i.e.
find the building blocks in u and its x-derivatives of ρ with prescribed rank R. Identify the monomials that belong to the same equivalent classes, that is, those that only differ by a total x-derivatives, and replace them by the main representatives. For example, the monomial uu 2x should be replaced by u (ii) Determine the unknown coefficients c i 's. Compute the t-derivative of ρ and eliminate all t-derivatives of u by using Eq. (1) . Requirement that the resulting expression P is a total x-derivative means that the Euler-Lagrange equation must vanish identically, i.e. E(P ) = 0, E is Euler operator defined in Ref. [7] . Group the remained terms that includ the dependent variable u and the different x-derivatives of u and set them to be zero. This yields a linear system for the constants c i 's. Solve the system to determine the c i 's. For Eq. (1), one gets {c 1 = 1, c 2 = −7}. (iii) Determine the corresponding conserved flux. Once the conserved density ρ determined, then, the corresponding conserved flux J can be obtained from Eq. (3) by using the idea of integrating by parts.
A Maple procedure CONSLAW developed by us automates the above described computations. It is notable that when constructing the polynomial type CLaws of a fixed rank R, CONSLAW first gives all possible branches of parameters constraints (compatibility conditions) so that a possible sequence of CLaws exist, irrespective of whether or not those branches could finally lead to a conserved density. For whatever circumstances, CONSLAW can deal with them separately, and then reports all the possible polynomial type CLaws for the different parameters constraints.
t/x-Dpendent Conservation Laws
The above algorithm cannot give such CLaws that depend explicitly on t and x. The following proposition and corollary enable us to construct the t/x-dependent CLaws by way of the polynomial type CLaws that only depend on u and its derivatives.
x F is a conserved density of the evolution equation u t = F , then tD −1
x F + xu is also one of its conserved density.
x F is a conserved density of the equation u t = F , then by the definition of Eq. (2), we have
, where J is the associated conserved flux, which can also be written as
x F is the associated conserved flux of tD (1), CONSLAW reports abundant polynomial type CLaws. Here, we only list the first five representative CLaws as follows.
Some Results of Conservation Laws of the 7th-Order KdV Equation
In the case of Rank(ρ) = 4, CONSLAW reports the only one branch of parameters constraints as {c = b + 3d, e = 5f − 10} and then gives one set of conserved density-flux pair for Eq. (1) as
which represents the conservation of energy. Specially, only the Lax equation admits this CLaw.
In the case of Rank(ρ) = 6, CONSLAW finds that only under the parameters constraints a = (2f − 3)(182f 2 − 819f − 36ef + 54e + 189z + 814 + 14c)
does equation (1) admit the following one set of conserved density,
The corresponding conserved flux includes 75 terms, which are omitted here. The CLaw of rank 6 represents the conservation of the Hamiltonian. By simply checking, we see that both the Lax and SK-Ito equations admit this CLaw.
In the case of Rank(ρ) = 8, CONSLAW also delivers one branch of parameters constraints as
and gives one set of conserved density-flux pairs for Eq.
(1). The number of the terms included in the conserved flux is 114, hence we only list the conserved density, 
Since F = au 3 u x + bu 3 x + cuu x u 2x + du 2 u 3x + eu 2x u 3x + f u x u 4x + uu 5x + u 7x is a 7th-order polynomial, hence from Eq. (10) we know thatρ should be a 6th-order polynomial, i.e.ρ should contain the term of u 6x . Then, the rank ofρ is 6ω(∂/∂x) + ω(u) = 8. Hence, for Eq. (1), by the above proposition we find that only in this case a t/x-dependent CLaw with the form tD −1
x F + xu can be obtained. By analysis we find all the possible monomials in u and it's x-derivatives with rank 8 are {uu
Combining them linearly we get the general form ofρ with rank 8
Then in view of Eq. (10), we get
Thusρ is determined by substituting Eq. (12) into Eq. (11), which can also be written as
From the knowledge that the conserved densities are equivalent if they only differ by a total x-derivative we know thatρ is equivalent tō ρ = (3b − c)uu
From Eq. (9) we know that under the parameters constraint Eq. (8), equation (14) is a conserved density of Eq. (1). Hence, under the same condition (8),ρ which verifies the equation D −1
x F =ρ, is also a conserved density of Eq. (21).
We mention that although in the sense of CLaws the conserved densityρ is equivalent toρ, the t/x-dependent conserved density, denoted byρ, cannot be obtained directly by the expression tρ + xu, i.e.ρ = tρ + xu, which instead, by the above proposition, should beρ = tρ + xu, that iŝ
Hence, the expression tρ + xu, which is regarded as a t/xdependent conserved density of Eq. (1) in Ref. [10] , is not one of it. The radical reason is D −1 xρ = F . It is easy to check that the Lax and SK-Ito equations all admit the polynomial type CLaw (9) and the 6th-order t/x-dependent CLaw (15) .
In the case of Rank(ρ) = 10, CONSLAW delivers one branch of parameters constraints as
and reports one set of conserved density-flux pair. The number of the terms included in the conserved flux omitted here is 65 and the corresponding conserved density is
We see that the Lax equation admits this conserved density of rank 10, while the Sk-Ito equation does not. In the case of Rank(ρ) = 12, CONSLAW reports three branches of parameters constraints and the corresponding conserved density-flux pairs one by one. There are 74 terms in each of the three conserved fluxes, which are too long to write down here. Now, we only list its conserved densities.
(i) The first branch of parameters constraint is a = 
which obviously is only admitted by the seventh order Lax equation.
(ii) The second branch of parameters constraints is a = 
which is only admitted by the following equation
Equation (24) 
Solitary Wave and Multi-soliton Solutions
This section is devoted to constructing the solitary wave and soliton solutions for the generalized 7th-order KdV equation, on which we have not yet seen any related study. As stated above, there are three cases that are of particular interest.
The 7th-order Lax Equation
To construct the solitary wave solution, introducing a nonlinear transformation of dependent variable, [11] u(x, t) = r + p[ln(φ(x, t))] xx ,
where p (p = 0) and r are real parameters to be determined, which reduces the Lax equation into a homogeneous equation of 9th-degree, denoted by Q, consisting of 141 monomials in φ(x, t) and its derivatives. Then, we seek a solution of type
where k (k = 0) and v are arbitrary constants to be determined. Substituting Eq. (26) into the homogeneous equation Q and equating the coefficients of different powers of exp(θ) to zero, one obtains a nonlinear system of 8 algebraic equations to determine the possible relations between the parameters r, p, k, and v. Solving the nonlinear system of algebraic equations yields
98 .
Then the solution is
[1 + exp(θ)] 2 , which can be written as
where
This closed-form solitary wave solution can also be obtained by using the methods presented in Refs. [12] ∼ [18] . Now, such thing is the most important that once the parameter p is determined in Eq. (25), one can manage to construct the soliton solutions for the Lax equation by carrying through the following procedures. To start with, one may use the same nonlinear transformation (25), but with r = 0 and p = 28, which reduces the Lax equation into a 6th-degree homogeneous equation,
To solve Eq. (28), one can use the -expansion method. [19] Suppose that the solution of Eq. (28) is of the form
where f i (i = 1, 2, 3, . . .) is to be determined later, and is a small parameter (for simplicity we may take = 1). Substituting Eq. (29) into Eq. (28), collecting all terms with the same order of together, and setting each coefficient of k (k = 1, 2, 3, . . .) to zero gives a hierarchy of equations for f k ,
and so on, to be solved.
To obtain the one-soliton solution for the Lax equation, suppose that
where k and v are real constants to be determined. Substituting Eq. (32) into Eq. (30), the dispersion relation is given by v = −k 7 . By inspection, we find that the righthand side of Eq. (31) is equal to zero, and then we can set f n = 0 for n ≥ 2. Therefore the series (29) truncates. Thus, one-soliton solution reads
with k being arbitrary, which is the same as Eq. (27) if setting r = 0 in Eq. (27).
To find the two-soliton solution, we suppose that
where θ i = k i x + v i t for i = 1, 2. Proceeding in a similar way, we obtain the solution to Eq. (28) as
with
Then, the two-soliton solution can be obtained directly from Eq. (25) with r = 0 and p = 28.
To find the three-soliton solution, we have to solve Eq. (28). By means of -expansion method, we get
. Then, the three-soliton solution is obtained from Eq. (25) with r = 0 and p = 28.
The 7th-Order SK-Ito Equation
Same as the Lax equation, by using the same transformation (25) and carrying through the same procedure as before, we obtain the following results first,
which are different with the former Lax equation and the following UNSO-KdV equation.
Then the corresponding solitary wave solutions are
and
respectively. Specially, if setting r = −7k 2 , solution (40) is reduced to
An interesting thing arousing is that although equation (41) has a slight difference from Eq. (39) in the coefficients, they both solve the SK-Ito equation. Solutions (39) and (40) can also be recovered by using the methods given in Refs. [12] ∼ [18] . The multi-soliton solutions for the SK-Ito equation can be constructed by using the transformation (25) with r = 0 and p = 42. Similarly, the one-, two-, and threesoliton solutions can be generated by Eq. (25) along with the following expressions,
i t, and k i (i = 1, 2, 3) are arbitrary constants.
The Unnamed 7th-Order KdV Type Equation
Likewise, by using the same transformation (25) and proceeding in a similar way, the following result is given
Next, by using the transformation (25) with r = 0 and p = 21, and after long computations, the one-, two-, and three-soliton solutions can be generated by Eq. (25) along with the following expressions,
exp(θ i ) + 
Conclusion
In summary, rich higher order polynomial type CLaws and a 6th-order t/x-dependent CLaw for the Lax, SK-Ito, unnamed 7th-order KdV type equations as well as for the generalized 7th-order KdV equation are obtained and by introducing some useful nonlinear transformations, the one-, two-, and three-soliton solutions as well as the solitary wave solutions for the Lax, SK-Ito and the unnamed 7th-order KdV type equations are constructed, which, to our knowledge, have not yet been studied before. For the moment, it is sufficient to say that the unnamed 7th-order KdV type equation is completely integrable.
